ON THE RIGHT AND LEFT 4-ENGEL ELEMENTS 



A. ABDOLLAHI & H. KHOSRAVI 



Abstract. In this paper we study left and right 4-Engel elements of a group. 
In particular, we prove that (a, a b ) is nilpotent of class at most 4, whenever 
a is any element and b^ 1 are right 4-Engel elements or a^ 1 are left 4-Engel 
elements and b is an arbitrary element of G. Furthermore we prove that for 
any prime p and any element a of finite p-power order in a group G such that 
a ±x 6 Li(G), a 4 , if p = 2, and a p , if p is an odd prime number, is in the Baer 
radical of G. 



1. Introduction and Results 

Let G be any group and n be a non-negative integer. For any two elements a 
and b of G, we define inductively [a, n b], the n-Engel commutator of the pair (a, b), 
as follows: 

[a,o b] :— a, [a, b] = [a,i b] := a~ 1 b~ 1 ab and [a, n b] = [[a,„_i b], b] for all n > 0. 

An element x of G is called right n-Engel if [x, n g] = 1 for all g G G. We denote 
by i? n (G), the set of all right n-Engel elements of G. The corresponding subset to 
R n {G) which can be similarly defined is L n (G) the set of all left n-Engel elements 
of G where an element x of G is called left n-Engel element if [g, n x 1 = 1 for all 
g G G. A group G is called n-Engel if G = L n (G) or equivalently G = R n (G). It is 
clear that Rq(G) = 1, i?i(G) = Z(G) the center of G, and by a result of Kappe 0], 
R%{G) is a characteristic subgroup of G. Also we have L n (G) — 1, L\{G) = Z(G) 
and it can be easily seen that 

L 2 (G) = {i e G | (i) G is abelian}, 

where (x) G denotes the normal closure of x in G. In [1] it is shown that 

L 3 (G) = {xeG | (x,^) E N 2 for all y e G}, 

where A/2 is the class of nilpotent groups of class at most 2. Also it is proved that 
(x,y) is nilpotent of class at most 4 whenever x,y G L%{G). Newell [6] has shown 
that the normal closure of every element of R%(G) in G is nilpotent of class at most 
3. This shows that R 3 (G) C Fit(G), where Fit(G) is the Fitting subgroup of G, 
and in particular it is contained in B{G) C HP{G) where B(G) and HP(G) are 
the Baer radical and Hirsch-Plotkin radical of G, respectively. It is clear that 

Ro(G) C i?i(G) c i? 2 (G) c • • • c Rn{G) c • • • . 
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Gupta and Levin [3] have shown that the normal closure of an element in a 5-Engcl 
group need not be nilpotent (see also [12] p. 342). Therefore R n (G) ^ Fit(G) for 
n > 5. The following question naturally arises: 

Question 1.1. Let G be an arbitrary group. What are the least positive integers 
n, m and p such that R n (G) £ Fit(G), R m (G) g B{G) and R P (G) <£ HP{G)? 

To find integer n in Question ll.il we have to answer the following. 

Question 1.2. Let G be an arbitrary group. Is it true that Ra{G) C Fit(G) ? 

Although in pQ it is shown that there exists n G N such that L n (G) <£. HP(G), 
the following question is still open. 

Question 1.3. Let G be an arbitrary group. What is the least positive integer k 
such that L fe (G) £ HP(G) ? 

In this paper we study right and left 4-Engel elements. Our main results arc the 
following. 

Theorem 1.4. Let G be any group. If a G G and 6 ±x G Ri(G), then (a,a b ) is 
nilpotent of class at most 4. 

Theorem 1.5. Let G be an arbitrary group and a^ 1 G L^G). Then (a,a b ) is 
nilpotent of class at most 4 for all b G G. 

Theorem 1.6. Let G be a group and a^ 1 G L^(G) be a p-element for some prime 
p. Then 

(1) Ifp = 2 then a 4 G B{G). 

(2) If p is an odd prime, then a p G B{G). 

In [lOl [11] Traustason has proved the above results for a 4-Engel group G (in 
which all elements are simultaneously right and left 4-Engel) . The proofs of Theo- 
rems 11.41 11.51 and 11.61 are somehow inspired by the arguments of [TU1 [TT] . 

In Section 4, we will show that in Theorem 1 1.4i we cannot remove the condition 
b^ 1 G Ra{G) and that in Theorems 11.51 and ll.6[ the condition a -1 G Li(G) is an 
necessary condition. 

Macdonald [5] has shown that the inverse or square of a right 3-Engel element 
need not be right 3-Engel. In Section 4 the GAP [5] implementation of Werner 
Nickel's nilpotent quotient algorithm [7] is used to prove that the inverse of a right 
(left, respectively) 4-Engel element is not necessarily a right (left, respectively) 
4-Engel element. 

2. Right 4-Engel elements 

In this section we prove Theorem ll.4l 

Lemma 2.1. Let G be a group with elements a,b. Let x = a b . We have 

(a) a, a, a, a] = 1 if and only if x a ] commutes with x a . 

(b) a 7 ", a T , a T , a T ] = 1 for t — 1 and t = — 1 if and only if (x a ,x) is 
nilpotent of class at most 2. 

(c) [b e , a T , a T , a T ,a T ] = 1 for all e, t G { — 1,-1-1} if and only if (a,[a b ,a\) and 
(a b , [a b , a}) are nilpotent of class at most 2. 



RIGHT AND LEFT ENGEL ELEMENT 



3 



Proof. We use a general trick for Engel commutators, namely 

[b~ 1 , n a] = 1 [a -1 ,,!-! ie] = 1 where x = a b . 



Applying this trick twice gives 

[&-\ 4 a] = 1 <S> [a- 1 , 3 x] = 1 & [x-\ 2 x a ] = 1. 

This proves (a). To prove (b) note that we also have 

[b^^a' 1 ] = 1 [a,sx~ l ] = 1 [x.^x^ 1 ] = 1 [x a , 2 x~ l ] = 1. 

To show (c), it follows from (b) that (x,a: Q } = {a b , (a b ) a ) = (a b , [a b ,a]) is nilpotcnt 
of class at most 2. Also we have (a b , [a fc , a]} is nilpotent of class at most 2. Now 
the conjugate of the latter subgroup by b, it follows that (a, [a b , a]). This completes 
the proof. □ 

As immediate corollaries it follows then that 

Corollary 2.2. (a) b e € Ri{G) for both e = 1 and e = — 1 if and only if 
(a, [a b , a]} and (a b , [a b , a]) are nilpotent of class at most 2 for all a £ G. 
(b) a e £ L±(G) for both e = 1 and e = —1 if and only if (a,[a b ,a\) and 
(a b , [a b , a]) are nilpotent of class at most 2 for all b 6 G. 

Corollary 2.3. Let G be a group and a,b € G such that [6 £ , a T , a T , a T , a T ] = 1 for 
all e, r € {— 1, +!}■ TTien 



We use the following result due to Sims [5]. 

Theorem 2.4. Lei _F 6e i/ie free group of rank 2. Then the 5-th term "/5(F) of the 
lower central series of F is equal to N$ the normal closure of the basic commutators 
of weight 5 . 

Remark 2.5. Suppose that a, b are arbitrary elements of a group and let H = 
(a, a b ). Then a set of basic commutators of weight 5 on {a, a b } is {xi — [a b , a, a, a, a], 
x 2 = [a b , a, a, a, a b ], x$ — [a b , a, a, a b , a b ], X4 — [a b , a, a b , a b , a b ], x$ = [[a b , a, a], [a b , a)], 
x 6 = [[a b ,a,a b ], [a 6 , a]]}. Hence, by Theorem 12.41 we have 7s(-ff) = {xx, ■ ■ ■ ,Xe) H . 
From on now, we fix and use the notation xx, ■ ■ ■ , xq as the mentioned commutators. 

In the following calculation, one must be careful with notation. As usual u 9l+92 is 
shorthand notation for u 9l u 92 . This means that u ( - 9l+92 ' >{hl+h ^ = u ( - 9l+92 ' >hl+( - 9l+9 ^ h2 
which does not have to be equal to u 9l{ - hl+h ^ +92{ - hl+h2) . We also have that 



(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 



([a fc ,a])< a > and ([a b , a])< a "> are both abelian. 




u 



(si +92) (-ft) 



((u 91 .u 92 )- 1 )' 1 



g 2 h-g 1 h 



This does not have to be the same as u 
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Lemma 2.6. Let G be a group and a, b £ G such that [b e ,a T ,a T ,a T ,a T ] = 1 for 

b aa b 

all c,t £ { — 1,+1}. Then [a b ,a,a,a b ,a b ] = [x,x aa ] x , where x = [a b ,a], and 
l5 ((a,a b )) = ({a b ,a,a,a b ,a b })^. 

Proof. By Lemma 12. 1[ we have x\ — xi = x± = X5 = xq = 1. Now Remark 
completes the proof of the second part. To prove the first part, by Corollary 
we may write 



[a b ,a,a,a b ,a b } = [x ( - 1+a) , a b , a b ] 

fa , fa -1 1 fa , fa 2b 2b 

— aa +a -1+a-aa +a —a +aa 

x -aa b +a b -l+a-aa b + l+2aa h -a-a b 
— x -a-a b -l~aa b + l+2aa b 



□ 



Proof Of Theorem 11.41 By Corollary 12. 3i ([a b , a])^ is an abelian group gener- 
ated by [a b ,a] and [a ft ,a] a . As [a b ,a _1 ] = {a b ,a]~ a , the subgroup (a, [a fc ,a -1 ]) is 
nilpotent of class at most 2 for all a £ G. Thus by replacing a by a -1 in the latter 
group, we have that 



(a, [a- b , a}) = (a, [a b , a]~ a ~ } = (a, [a b , a]'* + 2 ) 

is nilpotent of class at most 2 for every element a £ G. Now if x = [a b ,a], it is 
enough to show that [x a , x a ] = 1. Since (a, x~ a +2 ) is nilpotent of class at most 2, 
we have 



= [x~ a+2 ,a,a] 

_ x {-a b +2)(-l+a)(-l+a) 

_ x (-2+a b -a b a+2a)(-l+a) 

= 2; (- 3 + a ''- aa!> + 1 + 2a )(- 1 + a ) 

_ — 2a— l+aa b — a fa +3 — 3a+a fa a— aa b a+a+2a 2 

x aab ~ a b +2 — 3a+a b — aa fa +3a — 2 

_ x -aa b -2+aa b +2 x -a b -3a+a b +3a 

= [x aa \x 2 }[x a \x 3a ]. 



Therefore [x 2 ,x aa "] = [x a \x 3a ] (1). 
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Also 



[X , X 

Furthermore 



x- a +\a,x- a + 2 ] 

x (-a b +2)(-l+a) a ,-a b +2j 
x (-2+a b -a b a+2a) x ~a b +2^ 
x (~3+a b -aa b + l+2a) x ~a b +2^ 
x -aa b +2a a; -a i '+2l 



x~ aa x~ a + 2 ]- T " 



[x 2a ,x~ a 



x 2 ,x aa 



[X , X 



,x 2 ][x 2a ,x- ab 
(2). 



= [x a 2 ,a, a] 

_ x (a" -2)(-l+a)(-l+a) 

= x {^-a. b +aa b + l-2a)(-l+a) 

^,2a— 1 — aa b -\-a b — 1+a — a b a+aa b a+a— 2a 2 

2a-l-aa b +a b ~l+a-l-aa b + l-l+2aa b -a b +l+a-4a+2 

^-aa t +a b -2+a+aa b -a b +2-a 

2 ,-aa 6 -2+aa 6 +2 2 ,-a 6 -a+a 6 +a 



= [a; aa ,x 2 }[x a ,x a ] 



Therefore [x 2 ,x aa } = [x a ,x a ] 



(3). 



Now by (3), [x a ,x a } x = [x a 7 x a ] and by (1) and (3) we have [x a ,x a } 3 = 
[x a ",x 3a ] = [x a \x a ]. Hence [x a \x a ] 2 = 1 (*). Also by (2) and (3) we have 
[x a \x a ]- 2 = [x a ",x 2a }- 1 = [x a \x a ]. Thus [x a ",x a ] 3 = 1 (**). Now it follows from 



(*) and (**) that [x a ,x a ] = 1. This completes the proof. 



□ 



3. Left 4-Engel elements 

In this section we prove Theorems 11.51 and 11.61 The argument of Lemma 13.11 is 
very much modeled on an argument given in [10] . 



Lemma 3.1. Let G be any group. I/a ±1 e L^(G), then [x ab ,x a ] = [x,x° 
x = [a b , a] for all b £ G. 



where 



Proof. From Corollary O-(b) we have {a,[a b ,a}) 6 Af 2 for all b £ G. Thus 



-, bx 



]) e Af 2 - Therefore [a bx .a" 1 , a, a] = 1. We have 



[a bx ,a] 



[x 1 a b x,a] 
[x~ 1 a b , a] x [x, a] 
[x~ 1 ,a] abx [a b ,a]x- 1 x a 
(xx- a ) a " x x a 

-l-aa b +a b + l+a 



ABDOLLAHI AND KHOSRAVI 

-.bx „-ll 

— |l* , Uj 

1 !•„-! , „„i>„-l , „-l 





a]" 


-a- 1 r 




-i- 


■a _1 -a' 




-l- 






-i+ 


-aa b -a l 


[a fc:r 




= X~ 



We then have y~ a = [a te , a] = x^-^ +a + 1+a and 

-a 2 — a — a b a-\-aa a+a 
-3a+aa fa — a b + l+a 



Therefore 



i = y~ a yy~ a y a 



— aa + a 1+aa —a ^— 1— aa +a +l+a^ — 3a+aa —a +l+a 

2 ,-l+a i> +a-a 6 ;z ,-l-aa i ' + a 6 + l-2a+aa i '-a b + l+a 

_ x -l+a b -l-aa b + l-a+aa b -a b + l+a 

_ T -l+a i> ;z ,-l-aa' , + l+aa i, ;z ,-a-a i> +a+a b ;E -a i> + l 

-l+a b r aa b ir a a b i -a b + l 
= X [X, X \\X ,X \X . 

Conjugation with x~ 1+a gives 

1 = [x,x aa "}[x a ,x ab }. 

□ 

Proof of Theorem 11.51 By Lemma 12.61 we have to prove that £3 = 1. Let 

b b aa b 

u = [x a ,x a ] = [x,x aa ]. By Lemma \2. 61 and Lemma T3.ll we have X3 — u x = u. 
Thus 

l5 ((a,a b )) = (u)^ ab l 

Since 

u a = [x a ,x aa " a ] 

= [x a x - 1 + 2aab - ab + 1 } 

= [x a , X - ab ] 



and 



[x a , x aa } 
\x 2ai -\x aa " 



\x-\x aa 



u- 1 



we have 75 ((a, a b )) — (u) and 

je({a,a h )) = [{a, a 6 ), 75 «a, a"))] 

= [(a,a b ),(u)} 

= (u 2 ). 
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Also 1 = [u, a b , a b ] = [u~ 2 , a b ] and we have 77 ((a, a b )) = 1. On the other hand 
[[a b ,a,a 1 a b } 1 [a b ,a]} = [ x ->+i-°- b +™\ x ] 
= [x aa \x\ 
= u^ 1 G 7 6 ((a,a 6 }). 

Thus u = 1 and this completes the proof. □ 

Corollary 3.2. Let G be a group and a^ 1 G L^G). Then (a,a b )' is abelian, for 
all beG. 

Corollary 3.3. Let G be an arbitrary group and a^ 1 G L^{G). Then every power 
of a is also a left A-Engel element. 



Proof. By Coroilarv l2.31 Theorem 11.51 and Corollary [ 

(a 6 , [a b , a], [a 6 , a] a ) = {a b , [a b , a], [a b , a, a]) G A/2 

for all beG. It follows that (a lb , [a ib , a 1 ]) < (a b , [a b , a], [a b , a] a ) and (a* b , [a lb , a 1 ]) G 
A/2 for all 6 G G and i G Z. Now Corollary [O implies that a 4 G L±{G) for all 
ieZ. □ 

Lemma 3.4. Let G be a group and a ±1 G L^G). Then for all b in G and r,m,n G 
N we have 

(1) [a b ,a r ] a2m+1 = [a b ,a r } 2a " 1 

(2) [a n6 ,a r ] a2m " +1 = [a" 6 ,^] 20 " 1 " 

(3) Ifa s = l then [a b ,a,a s ] = [a b ,a,a] s 

(4) [a b ,a] a " = [a b ,a] na -( n -V 

(5) [a b ,a\ an " = [a b ,a] nai -( n -V 

Proof. By Corollary [2731 [a b ,a]< a > and [a b ,a]^ a ^ are both abelian and 

(a mb , [a nb , a r ]) < {a b , [a b , a], [a b , a} a ) 

for all b in G. Therefore both (a m , [a b , a r ]) and (a mb , [a nb , a r ]) are nilpotent of class 
at most 2, for all b G G and r, m, n G N. Thus 

1 = [a b ,a r ,a m ,a m ] = [a b , a r ] (_1+a, " )2 

= [a b ,a r ] 1 - 2am+ ° 2m . 

This prove part (1). Part (2) is similar to part (1) and the other parts are straight- 
forward by Corollary 12.31 and induction. □ 

Lemma 3.5. Let G be a group and a^ 1 G L^{G). If o(a) = p l , for p = 2 and i > 3 

or some odd prime p and i > 2, then a p G L2(G). 

Proof. First let p = 2 and m = p l ~ 3 . Then a 8m = 1 and we have so 

l = [a b ,a 8m ] = [a b ,a im } 1+ai,n 

= [a b ,a 4m ] 2 . by Lemma EU 

Now we have 

[0, a? ,ar J = [0, a ,a \ = [a ,a \ 
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But 



r 4mb 4mi 

a ,a 



= [a 2mfc ,a 4m ] a +1 
= [a 2mfc ,a 4m l 2a " 16 



= \a b a 4m ] 2< - a2m * H — l-a'+i)^ 



by Lemma [33 



= 1. 

This complete the proof of the lemma in this case. Now let p be an odd prime 
number and i > 2. Then we have 



1 = 





[a" 


a?*} 






a] 1+a+ "' +aP ^ 1 




[a b 






[a b 


fl jl+a+2a-H h(p ! -l)a 




[a b 






[a b 


b ](pW)«^[ » i8 ]p ( 



by Lemma [374 



Now since 

1 = [a b , a, a p '} = [a 6 , a, af = [a b , a] pia " p< by Lemma GOD part (3) 
we have [o fe ,a p '] = [a b ,a] p ' — 1. Let to — p 1 ^ 1 . Then 

[6,a m ,a m ] = [a mfc ,a m ]^ a_mb+m 
and by Corollary 13.21 and Lemma 13.41 we have so 



\a mb ,a m ] = \a b ,a m ]( 1+ab +- +a(m - 1)b ) 



= [a b a ™ l ]( 1 + ab + 2a ''- 1 +---+( m - 1 ) ab -0-2)) 

= \a b a l( 1 + a + 2a -H h(m-l)a-(m-2))(l+a b +2a b -H h(m-l)a i> -(rn-2)) 



\a b .o] {1 



\a b ,a] m < ! 



iii^ll +m)( inl^ii a f_2^11 +m) 



Now since p % \ to 2 and [a b , a] p =1 we have 

[6,o p '" 1 ,a I, '~ 1 ] = [6,a m ,a m ] = 1. 
This complete the proof of the lemma. 



□ 



Proof of Theorem 11.61 Let p be a prime number and o(a) — p 1 . If p = 2 and 

i < 2 then the assertion is obvious. Therefore let i > 3 if p — 2; and i > 2 if p is an 
odd prime number. By Lemma 13.51 and Corollary 12.21 

1 < (a P " _1 ) G < {a pn ~ 2 ) G <■■■< (a p ) G 

is a series of normal subgroups of G with abelian factors. This implies that K = 
(a p ) is soluble of derived length at most n — 1. By Corollarv l3.3i a p and so all its 
conjugates in G belong to L^(G) and in particular they are in L^{K). Now a result 
of Gruenberg [H Theorem 7.35] implies that B{K) = K. Therefore a p e K < B(G), 
as required. □ 
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4. Examples and questions 

In this section we give some examples by using GAP nq package of Werner Nickel 
to show what we mentioned in the last two paragraphs of Section 1. 

Let H be the largest nilpotent group generated by a, b such that a £ Ri(H)\ 
then H is nilpotent of class 8. On the other hand if K is the largest nilpotent 
group generated by a and b such that a ±1 £ R^K), then K is nilpotent of class 7. 
Thus in an arbitrary group G, a £ R^G) does not imply a^ 1 £ R<±(G). One can 
check the above argument with the following GAP program: 

LoadPackageC'nq") ; #nq package of Werner Nickel# 
F:=FreeGroup(3) ; ; a:=F.l;; b:=F.2;; x:=F.3;; 

G : =F/ [Lef tNormedCommC [a,x,x,x,x] )] ; ; H : =Nilpotent Quotient (G, [x] ) ; ; 
NilpotencyClassOf Group (H) ; 

G : =F/ [Lef tNormedCommC [a,x,x,x,x] ) , Lef tNormedCommC [a~-l ,x,x,x,x] )] ; ; 
K : =NilpotentQuotient CG, [x] ) ; ; NilpotencyClassOf Group CK) ; 

Similar to above let N be the largest nilpotent group generated by a, b such that 
aie Li(N) and b 2 — 1. Also let S — (a, a b ). Then N is nilpotent of class 10 and 
S is nilpotent of class 6 but the largest nilpotent group M generated by a, b such 
that a ±l ,b £ Li{M) and b 2 = 1 is nilpotent of class 7. Therefore in an arbitrary 
group G, a £ L±{G) does not imply a -1 E L^{G) and b^ 1 £ L^G) is a necessary 
condition in Theorem 11.51 and 11.61 The following GAP program confirms the above 
argument: 

F:=FreeGroupC3) ; ; a:=F.l;; b:=F.2;; x:=F.3;; 

G:=F/ [Lef tNormedCommC [x,a,a,a,a] ) , Lef tNormedCommC [x,b,b,b,b] ) ,b~2] ; ; 
N:=NilpotentQuotientCG, [x] ) ; ; NilpotencyClassOf Group CN) ; 
S:=SubgroupCN, [N. 1,N.2~-1*N. 1*N.2] ) ; ; NilpotencyClassOf GroupCS) ; 
G:=F/ [Lef tNormedCommC [x,a,a,a,a] ) , Lef tNormedCommC [x,b,b,b,b] ) , 
Lef tNormedCommC [x,a~-l,a~-l,a~-l,a~-l] ) , b~2] ; ; 
M:=NilpotentQuotientCG, [x] ) ; ; NilpotencyClassOf Group CM) ; 

We end this section by proposing some questions on bounded right Engel ele- 
ments in certain classes of groups. 

Question 4.1. Let n be a positive integer. Is there a set of prime numbers 7r„ 
depending only on n and a function f : N — > N such that the nilpotency class of 
(x) G is at most f(n) for any ir' n -element x £ R n (G) and any nilpotent or finite 
group G? 

Question 4.2. Let n be a positive integer. Is there a set of prime numbers 7r„ 
depending only on n such that the set of right n-Engel elements in any nilpotent or 
finite ir' n -group forms a subgroup? 

Note that if the answers of Questions 14.11 and 14.21 are positive, the answers of 
the corresponding questions for residually (finite or nilpotent 7r^-groups) are also 
positive. 

Question 4.3. Let n and d be positive integers. Is there a function j:NxN->N 
such that any nilpotent group generated by d right n-Engel elements is nilpotent of 
class at most g(n, d) ? 
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comments. They also thank Yaov Segev for pointing out a flaw in our proofs. The 
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